Abstract. This paper presents a fanctor S from the category of groupoids to the category of semigroups. Indeed, a monoid SG with a right zero element is related to a topological groupoid G. The monoid SG is a subset of C(G, G), the set of all continuous functions from G to G, and with the compact-open topology inherited from C(G,G) is a left topological monoid. The group of units of SG, which is denoted by H(1), is isomorphic to a subgroup of the group of all bijection map from G to G under composition of functions. Moreover, it is proved that H(1) is embedded in the group of all invertible linear operators on C(G), the set of all complex continuous function on G.
Introduction
If G is a topological group, then each element x of G defines two translation operators Lx and Rx on C(G), the set of all complex valued continuous functions on G, by Lxf (y) = f (x −1 y), Rxf (y) = f (yx).
The maps x → Lx and x → Rx are two monomorphisms, injective homomorphism, from G into L C(G) , the semigroup of all linear operators on C(G) under composition of operators. In the case where G is a groupoid, since x ∈ G is not composable with each element, it is not possible to define the operators Lx and Rx on C(G) as in the group case. Of course, x ∈ G defines Lx :
). Similarly, x ∈ G defines Rx : C(G d(x) ) → C(G r(x) ) by Rxf (y) = f (yx) for f ∈ C(G d(x) ). It is easy to check that if (x, y) is a composable pair, then (LxLy)(f ) := Lx(Lyf ), (RxRy)(f ) := Rx(Ryf ) are well defined and LxLy = Lxy, RxRy = Rxy.
For a topological groupoid G, we introduce two monoids, semigroups with identity, SG and S ′ G . Indeed, the map G → SG is a fanctor from the category of groupoids to the category of semigroups. The elements of SG and S ′ G are chosen from C(G, G), the set of continuous functions from G to G. The range and domain maps, r and d, on the groupoid G are the identity element of SG and S ′ G respectively. The two monoids are isomorphic and have a common idempotent element j, the inverse map from G to G, which is also a right zero for them. We will show that SG with the compact-open topology inherited from C(G,G) is a left topological monoid. The group of units, the maximal subgroup containing the identity element, of SG is obtained and is denoted by H(1). The group H(1) is isomorphic to a subgroup of the group of all bijection map from G to G under composition of functions. Also there exists an monomorphism
, where L f (g) (x) = g f (x)x for g ∈ C(G) and x ∈ G. By this monomorphism the group H(1) is embedded in the group of all invertible linear operators on C(G). The monoid SG has a left cancellative submonoid TG which is embedded in the submonoid of all injective linear operators on C(G).
Definition and Notation
The following definition is the definition of a groupoid given by P. Hahn in [3] . Definition 2.1. A groupoid is a set G endowed with a product map (x, y) → xy :
where G 2 is a subset of G × G is called the set of composable pairs, and an inverse map
G → G such that the following relations are satisfied:
(2) If (x, y), (y, z) ∈ G 2 , then (xy, z), (x, yz) ∈ G 2 and (xy)z = x(yz).
The maps r and d on G defined by the formulae r(x) = xx It is perhaps helpful to picture a groupoid as a collection of points with various arrows connecting the points. For example, we can write (x −→ g y) to indicate that g is an arrow
with source x and target y.
by the product map.
A groupoid G is called a principal groupoid if and only if the
If G, H are two groupoids. A map φ : G → H is an homomorphism if and only if (x, y) ∈ G 2 implies (φ(x), φ(y)) is in H 2 , and in this case, φ(xy) = φ(x)φ(y). Also a map ψ : G → H is an antihomomorphism if and only if (x, y) ∈ G 2 implies (ψ(y), ψ(x)) is in H 2 , and in this case, ψ(xy) = ψ(y)ψ(x). It is easy to see that groupoid homomorphisms and groupoid antihomomorphisms between two groupoids map units to units and inverses to inverses.
The reader interested in groupoids is referred to the books [4] and [5] .
A topological groupoid consists of a groupoid G and a topology compatible with the groupoid structure. That is the inverse map 
A monoid related to a topological groupoid
For a topological groupoid G, we denote the set of all continuous function from G into itself by C(G, G).
Proposition 3.2. Two sets SG and S ′ G with the following binary operations are two isomorphic monoid.
The range and domain maps, r and d, on the groupoid G are the identity element of SG and S ′ G respectively.
, consequently f * g and h ⋆ k are well defined function from G to G and by the continuity assumption of f and g, are continuous.
Therefore f * g ∈ SG and h ⋆ k ∈ S ′ G . So SG and S ′ G are closed under these binary operations.
Next we show that the binary operation of SG is associative. The associativity of the
On the other hand
The range map r(x) = xx −1 belongs to SG and for g ∈ SG,
so r * g = g * r = g, and therefore r is the identity of SG. Similarly, the domain map
It is easy to check that this map is bijective. The proof will be completed if we prove that (f * g)
If f, g ∈ SG, then for each
Proposition 3.3. The following assertions hold for the two monoids.
(1) The inverse map j(x) = x −1 from G to G is belong to SG∩S ′ G and is an idempotent of these two semigroups which is also a right zero element for them.
(2) The element j is left zero for SG if and only if f (u) = u for every f ∈ SG and u ∈ G 0 . Similar assertion holds for the semigroup S
(6) The only injective antihomomorphism element of SG which is also an idempotent is the element j.
(7) The only antihomomorphism element of SG which is also a right zero element is the element j.
. So j is an element of
that is j * j = j. Since j * = j, therefore j ⋆ j = (j * j)
Consequently g ⋆ j = (g * * j) * = j. Hence j is a right zero for SG and S ′ G . (2) Suppose that j is a left zero for SG, for f ∈ SG and x ∈ G
(4) It is obvious that jSG is a right ideal of SG and since j is a right zero for SG, jSG is also a left ideal of SG. Now let f ∈ SG. If SG(j * f )SG = jSG, then by Proposition 2.4 of [1] , jSG is a minimal ideal of SG. However, since j is a right zero for SG, SG(j * f )SG = (j * f )SG ⊂ jSG. If g ∈ SG, then j * g = j * (j * f ) * j * g ∈ SG(j * f )SG.
So jSG ⊂ SG(j * f )SG.
(5) Let ψ be the inverse of φ, y ∈ G and ψ(y) = x. Then r ψ(y) = r ψ φ(x) =
6) Let φ be an idempotent which is also an injection antihomomorphism element of
(7) By definition of a right zero element in a semigroup, φ * ψ = ψ for all φ ∈ SG. Therefore in a special case j * ψ = ψ and consequently Proof. Let f ∈ SG and let {gα}α∈Σ be a net in SG converging to g ∈ SG in compactopen topology. We will show that f * gα → f * g in compact-open topology. Suppose that in Ci such that
Ux j Vx j ⊂ Ui.
Put Fj = {f (x)x : x ∈ Ci and g f (x)x ∈ Ux j }, then Fj is a compact set for j = 1, 2, . . . , ni and
is a neighborhood of g in compactopen topology. Therefore there exists β ∈ Σ with gα(Fj) ⊂ U ′ x j for every α ≥ β and j = 1, 2, . . . ni and i = 1, 2, . . . , k. Now if x ∈ Ci, then there exists j ∈ {1, 2, . . . ni} with
Proposition 3.6. The map G → SG from the category of groupoids to the category of semigroups is a fanctor. Therefore if G and H are two isomorphic groupoids, then SG and SH are two isomorphic monoids.
Proof. Suppose that ψ : G → H is a groupoid homomorphism. Define Ψ : SG → SH by Ψ(f ) (x) = (ψf ψ −1 )(x). We have
Therefore Ψ(f ) ∈ SH. We will show that the map Ψ is a semigroup homomorphism. Let f, g ∈ SG and x ∈ H,
So the map f → Ψ(f ) is a semigroup homomorphism. It is obvious that if idG : G → G is the identity, then Ψ(idG) : SG → SG is the identity. So the proof is completed.
Lemma 3.7. The monoid SG is isomorphic to a submonoid of the semigroup C(G, G)
under the binary operation f • g (x) = g f (x) for f, g ∈ C(G, G) and x ∈ G.
That is, the map φ → L φ is an homomorphism from SG into C(G, G). It is obvious that this homomorphism is injective. So SG is isomorphic to the subsemigroup {L φ : φ ∈ SG} of the semigroup C(G, G), • .
Proposition 3.8. For φ ∈ SG denote the map x → φ(x)x by L φ , then the set
is the group of units of SG, the maximal subgroup of SG which containing the identity element r.
Proof. Obviously the map r which is the identity of SG is belong to H(1). Also by the previous Lemma the map φ → L φ from the monoid (SG, * ) to the monoid C(G, G), • is a homomorphism. Since the composition of two bijection map is bijective, H(1) is a submonoid of SG. Now let φ ∈ H(1) and define ψ(y) = φ(x) −1 , where y = L φ (x) = φ(x)x, ψ is well-defined. We will show that ψ is the inverse of φ, that is ψ * φ = φ * ψ = r. By
To complete the proof we just need to show that H (1) is maximal. Let K be a subgroup of SG which containing r. To prove that K ⊂ H(1), it is enough to show that if φ ∈ K, then the map L φ is a bijective. Suppose that ψ is the
For φ ∈ SG, the set of all fixed point of φ is denoted by F ix(φ). Proof. It is easy to see that for a subgroupoid A of G, φ ∈ IA if and only if L φ ∈ IA. and therefore
Therefore for an element ψ of C(G, G) with ψ • r = d • ψ , we have ψ ∈ SG if and only if
In a special case if φ is a continuous antihomomorphism, then φ ∈ SG if and only if
In the following we obtain this result when the condition
That is, φ ∈ SG. The converse is hold, since d(φ(x)) = r(x) and x ∈ G r(x) , that is
Proposition 3.12. Let SG and S ′ G be the monoids which are defined in Definition 3.1. Set TG = {φ ∈ SG : {L φ (x) : x ∈ G} is dense in G},
Then TG is a left cancellative submonoid of SG, T Proof. It is obvious that r ∈ TG and d ∈ T ′ G . Suppose that φ, ψ ∈ TG. Since the map L ψ is continuous by using the density of the sets {L φ (x) : x ∈ G} and {L ψ (x) : x ∈ G} in G, we obtain that the set {L ψ L φ (x) : x ∈ G}, which is equal to {L φ * ψ (x) : x ∈ G}, is dense in G. So TG is a subsemigroup of SG. If f, g, h ∈ SG and f * g = f * h. Therefore
The density of {L f (x) : x ∈ G} in G and the continuity of Lg and L h imply that L h = Lg and therefore g = h.
Similarly, we can show that T ′ G is a left cancellative subsemigroup of S ′ G . To prove that TG and T ′ G are isomorphic, using the proof of Proposition 3.2, it is enough to show that if f ∈ TG, then f
The continuity of the inverse map from G to G implies that A ⊂ G is dense in G if and T acts on a locally compact space U then the transformation group groupoid U ×T with the product topology is a locally compact groupoid. Now recall that ST = C(T, T ), since T is a group. Let ϕ ∈ ST , define fϕ : G → G by fϕ(u, t) = u. ϕ(t) −1 , ϕ(t) . Then it is easy to check that f φ is an element of SG and it is straightforward to check that f φ * f ψ = f φ * ψ for every φ, ψ ∈ ST , and the map φ → f φ is injective, that is the monoid ST is algebraically isomorphism to a submonoid of SG. Also it is easy to check that the group of units of ST is embedded in the group of units of SG by this monomorphism. Now for z ∈ T define fz(u, t) = (u.z −1 , z) for all (u, t) ∈ G. We have fz 1 * fz 2 = fz 1 z 2 .
Therefore the set {fz : z ∈ T } with the pointwise topology is a subgroup of SG which is topologically isomorphic to T . In a special case if we let s ∈ T and define ϕ(t) = ts −1 t for every t ∈ T , then fϕ by fϕ(u, t) = (u.t −1 st −1 , ts −1 t) is an element of TG.
A representation of the elements of SG as linear operators on C(G)
In the following we will show that every f ∈ SG is represented by a linear operator L f on C(G). Also the map Φ : SG → L(C(G)) by Φ(f ) = L f is a monomorphism, where L(C(G)) is the monoid of all linear operators on C(G) under composition of operators.
Moreover the group of units of SG is embedded in the group of all invertible linear operators on C(G).
Proposition 4.1. There exists a map φ : SG×C(G) → C(G) with the following properties.
(1) φ(f1 * f2, g) = φ f1, φ(f2, g) for all g ∈ C(G), f1, f2 ∈ SG, (2) φ(r, g) = g for all g ∈ C(G), where r(x) = xx −1 .
